Abstract. 
Nonlinear diffusion and geometric filtering
Let us denote by h 0 (x, y) : R 2 → R the provided DEM image, i.e., high resolution digital elevation data. Typical of any feature extraction methodology is the application of a smoothing filter on the original data h 0 (x, y) to remove noise and identify features as entities that persist over a range of scales. This operation of smoothing is also very important to make computations such as derivatives mathematically well-posed. A popular smoothing filter is the Gaussian kernel, which, when applied to h 0 (x, y), results in landscapes at coarser resolutions, i.e., h(x, y, t) = h 0 (x, y) G (x, y; t) ( 1) where denotes the convolution operation and G (x, y; t 
As it was shown and exploited in Lashermes et al. [2007] , the use of the classical Gaus- and Adelson [1983] ; Koenderink [1984] ; Witkin [1983] for early developments and the 73 introduction of Gaussian filtering for multiscale image analysis).
74
The family of coarsened landscapes resulting from (1) may be seen as solutions of the linear heat or diffusion equation, e.g., [Koenderink , 1984] , with the initial condition h(x, y; 0) = h 0 (x, y), i.e.,
∂ t h(x, y, t) = ∇ · (c∇h) = c∇
where c is the diffusion coefficient and ∇ is the gradient operator. Thus, processing the kernel is fixed, the time over which diffusion is applied on the original landscape is spatially 81 uniform, i.e., the landscape is diffused with the same rate at all points and in all directions.
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The choice of the Gaussian kernel as smoothing filter is motivated in part by two cri- 
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In the standard linear diffusion equation (3), the diffusion coefficient c is constant, that is, independent of the space location. An extension to the Gaussian filtering is obtained by choosing the diffusion coefficient c to be a suitable function of spatial location, such that the new space-scale paradigm criteria are satisfied. The modified diffusion equation
can be written as
Note that (4) reduces to the linear diffusion equation (3) 
where p(·) has to be designed such that it ideally does not allow diffusion across boundaries. Perona and Malik [1990] have proposed a simple first estimate of the channel's location (or image edges in their original application), given by the gradient of the elevation h(x, y; t) at the location (x, y) and time t, i.e.,
This provides a local estimator of the edges/discontinuities within the nonlinear spacescale paradigm. Note that we could also use curvature or other higher order features to define the diffusion coefficient c, while the use of gradients is the most standard formulation and found to be sufficient for our application. The diffusion equation thus takes the following form:
D R A F T January 21, 2009, 11:51am D R A F T Perona and Malik suggested the following as possible edge-stopping functions:
where λ is a constant. 
Geodesics and energy minimization principles for network extraction
In this section, a new geometric methodology is proposed for extracting channels on the regularized DEM image obtained by applying the Perona-Malik filter to the initial high resolution elevation data set. Let us now denote by h the regularized LiDAR data and by Ω the terrain region described by these data. Let C be a curve restricted on Ω, C ∈ Ω.
Consider two fixed points a and b on the surface Ω such that the curve C passes through geodesic distance from point a to any other point x ∈ Ω is defined as:
where s is the standard Euclidean arc-length [Do Carmo, 1976] . The minimum is taken over all possible curves C ∈ Ω that start at a and end at x, and the cost of traveling is integrated on that curve. The geodesic curve is defined as the curve with the minimal cost, among all possible curves connecting the two points a and b. Thus it is the actual curve that achieves that minimum (not necessarily a unique curve):
It is easy to see that such a curve is computed by gradient descent on the distance function by extending classical algorithms for computing distance functions on graphs; namely,
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Dijkstra and Dial algorithms [Dial , 1969; Dijkstra, 1959] . These algorithms are applicable 126 to all diverse types of surface representations, from triangulated surfaces [Kimmel , 2003] 127 to point cloud data as in LiDAR [Memoli and Sapiro, 2005] . These extensions are based 128 on the fact that such a distance function satisfies a Hamilton-Jacobi geometric partial 
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Different selections of the cost function ψ will lead to different curves on the surface. 
River network extraction
The objective of this section is to illustrate the concepts described above through analysis is that of equation (8) Before demonstrating in the next section the geodesic energy minimization approach
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for the automatic extraction of the whole river network, we note that one could further 237 process the regularized data to eliminate even more the occasional isolated convergent 238 pixels seen in Fig. 4(c) . This is an optional further operation which can be easily done 
Automatic extraction of channel paths from the regularized data
In this section we focus on the regularized data set obtained through nonlinear filtering
246
and illustrate how the concepts of geodesics and energy minimization described earlier 247 allow a fast and efficient extraction of the river network. We applied the above pre-
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processing through Perona-Malik filtering to the 2.8km Skunk river basin is shown in Fig. 9 .
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Several observations can be made by comparing Fig. 9 with the hand-drawn network but this can be a user-specified value.
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Once the outlet and end points were detected, they were automatically connected with geodesic curves through an appropriately chosen cost function. This cost function was chosen to give penalty for selecting paths along which the drainage area does not have the largest flow accumulation and along which the curvature is not maximum compared to the surrounding points. The chosen form of the cost function ψ used in (11) is the following (α and δ are parameters):
where A is the contributing area, Tarboton [1997] , and κ is the curvature (of iso-height 271 contours for our examples). In the steep relief landscapes we considered herein, the 272 parameters α and δ were set to 1, giving the same weight to both contributing area and anyway to more accurately register all real channels by surveying.
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To demonstrate the different usage of the contributing area threshold used in our pre- 
Conclusions
In this paper we introduced a geometric framework for the extraction of channel net- Creek.
